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ABSTRACT 

— '  This  paper  establishes  the  existence  of  two  solutions  for  some 

problems  of  the  Ambrosettl-Prodi  type. _ The  following  result  is  a 

sample  of  the  results.  ‘  Let  g  :  R  ♦  R  be  a  C^-function  such  that 
lim  g* (s)  <  X 1  <  lim  g’(s),  where  X^  is  the  first  eigenvalue  of  the 

Laplacian  with  Dirichlet  boundary  conditions*  and  the  limits  could  be 

infinite.  Suppose  that  g  behaves  at  +•  like  u^,  1  <  p  <  (N  +  2)/(N  -  2 

/N4.2 ) /(u-2 ) 

or  even  like  u  /In  u,  where  N  >  3.  Let  ft  be  a  bounded  smooth 

U 

domain  in  R  and  let  ♦  be  the  first  eigenfunction  corresponding  to  X^, 

which  is  >0  in  0.  Then  given  any  h  €  C  (ft)  such  that  J  h#  *  0,  there 
is  t0  e  R  such  that  the  Dirichlet  problem 

-Au  *  g(u)  +  t#  ♦  h,  in  ft,  u  »  0  on  3ft 


2, a  1 

has  at  least  two  C  solutions  for  each  t  <  tQ .  The  author  uses  the 
method  of  monotone  iterations  to  obtain  the  first  solution  and  a  variational 
argument  to  get  the  second.  The  variational  solution  is  subsequently 
regularised. 
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ON  m  SOPCTLXNKAS  MfBROSITTX-PRODX 


Djairo  S.  da  figueiredo* 

INTRODUCTION.  Let  0  ba  a  aaooth  bounded  domain  in  RM.  Na  consider  the  aaaii linear 
elliptic  boundary  value  problem 

(1)  *4u  “  g(x,u)  +  f(x)  in  Q,  u  “  0  on  3Q  , 

where  f(x)  is  soate  given  Ca-function  in  0,  end  the  nonlinearity  g  satisfies  the 
smoothness  condition  below,  besides  other  conditions  that  will  be  timely  introduced  as  we 
proceed: 

(2)  gsOxReRiss  c'-f unction. 

Problem  (1)  is  said  to  be  of  the  Aabrosetti-Prodi  type  if 


(3a)  11m  sup  <  1,  ,  and  (3b)  X  <  lim  inf  , 

a-*-*  *  *++» 

where  the  inequalities  hold  uniformly  in  Q,  and  the  limits  could  assume  value 

or  <•,  respectively,  on  the  whole  of  Q  or  on  subsets  of  positive  measure.  Here 

X1  denotes  the  first  eigenvalue  of  the  eigenvalue  problem  -Au  -Xu  in  0,  u  -  0  on 

3(1.  Let  ♦  be  the  eigenfunction  corresponding  to  X^  which  is  >0  in  0  and 

/  -  1.  And  let  N  be  the  subspace  of  C®(Q)  generated  by  4,  and 

/  *  (u  *  C®(fl)  :  /  u4  -  0} .  Consequently  any  f  €  C®(fl)  can  be  uniquely  written  as 

f  •  t4  *  h,  with  ten  and  h  e(*.  Using  this  decomposition  we  shall  look  at  the 

parametrised  form  of  ( 1 ) t 

(1^)  *4u  -  g(x,u)  ♦  t#  ♦  h  in  (1,  u  -  0  on  30  . 

Conditions  (3a)  and  (3b)  are  implied  by  the  more  restrictive  conditions  (4a)  and  (4b), 
respectively: 


(4a)  lim  sup  g'(x,s)  <  X.  ,  (4b)  X.  <  lim  inf  g'(x,s)  , 

•  e*t- 

where  g^  denotes  the  partial  derivative  of  g  with  respect  to  s. 
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NTIS  GRA4I 
MIC  TAB 
Unannounced 
Justifioatlon_ 


TM  et  mi  i _ a  > 


Viewing  the  future  uee  of  verietionel  methods  we  euppoee 

N  +  2 

1  <  a  <  n  _  if  N  >  3  , 

1  <  o  <  •  if  H  ■  2 

No  assunption  on  the  growth  of  g  ae  e  ♦  -•  will  be  necessary.  Also  by  force  of  soae 
desirable  Palais-Saale  condition  for  a  functional  associated  with  our  problea  ( 1 )  we  found 
it  necessary  to  assiaae  the  following  technical  condition,  but  only  in  the  case  N  >  3 
and  (N  +  1)/(N  -  1)  <  a  <  (M  ♦  2)/(N  -  2)s 

(«)  lia  inf  -  gj&S  >  0  ,  for  6  >  2  . 

*****  s  g(x,s)  / 

a 

where  G(x,s)  ■  /  g(x,C)d(. 

0 

Theorea  1 .  As suae  (2),  (3b),  (4a),  (5)  and  (6).  Then  for  each  given  h  e  N1  there 

2  A 

exlets  tj  6  R  such  that  (1fc)  has  at  least  two  c  '  solutions  for  t  <  t0. 

The  first  result  of  this  sort  was  proved  by  Aabrosetti-Prodi  (1),  under  much  stronger 
assumptions,  but  yielding  a  sharper  conclusion.  In  their  work  as  well  as  in  the  subsequent 
work  of  other  authors,  e.g.,  Berger-Podolak  (2),  Aaann-Hesa  [3],  Fucik  [4],  the 
nonlinearity  g  is  assumed  to  have  linear  growth.  Kacdan-Warner  [5]  relaxed  this 
condition  but  obtained  only  one  solution.  Dancer  [6]  obtains  a  second  solution,  provided 
o  <  (N  ♦  1)/(N  -  1)  in  (S).  He  uses  a  topological  degree  argument,  and  a  crucial  point 
in  his  proof  is  obtaining  a  priori  estimates  on  the  solutions  of  (1t)*  Under  his 
restriction  on  a  these  estimates  are  readily  obtained  using  a  technique  due  to  Brftzis- 
Turner  [7).  For  nonlinearities  g  growing  faster  than  (N  *  1)/(N  -  1)  this  is  not  a 
simple  matter,  and  as  far  as  we  know  estimates  are  not  available  yet.  We  found  it  easier 
to  obtain  a  second  solution  in  this  case  using  a  variational  method.  Here  also  there  is  a 
delicate  point  which  is  the  establishaent  of  the  Palaia-Smale  condition  for  some  associated 
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functional.  He  required  a  technical  condition  (6),  which  we  believe  to  ba  not  too 
restrictive.  For  an ■■pin,  pure  powers  Ilka  g(x,s)  «  »(x)ap  for  lerga  a  and 
1  <  p  <  (n  *  2)/(H  -2)  do  satisfy  (6).  Horn  generally  tha  condition  Introduced  by 
Ambrose tti-Kabinowltt  [8]  in  aieilar  altuationa  alao  givss  (6).  For  tha  early  hiatory  of 
tha  ftabroaetti-Frodi  problae  aaa  tha  aurvey  paper  [9].  Ha  ahould  alao  mention  tha  work  of 
Baraatycki-Liona  (17]  on  tha  auperlinear  Md>roaattl-Prodi  with  convex  nonlinearitlee  9. 

Ha  nention  that  tha  atape  in  tha  proof  of  Theorem  1  will  uka  clear  that  a  theorem  of 
Mbroaatti-Rabinowitx  (8]  on  tha  axlatanca  of  poaitlve  solutions  for  aone  aeailinaar 
elliptic  aquationa  can  ba  slightly  extended.  For  conpletaneaa  let  ua  atate  it  in  caae  of 
the  Laplacian. 

Theoreai  2  (Anbroaatti-Rabinowitz] .  let  g  :  ft  *  R+  •*  R  be  a  Carathftodory  function 

satisfying  conditions  (3b),  (5)  and  (6)  above  aa  wall  aa  g(x,0)  «  0  and 

ii.  .uP  <  x. 

a*0 

Than  the  boundary  value  problan 

-Au  -  g(x,u)  in  £1,  u  “  0  on  9ft 

1  a  2, a  “ 

has  a  nontrivial  positive  solution  u  in  HQ.  If  g  is  C  then  u  e  C  (0). 

The  above  theoreai  should  be  compared  with  Theorem  2.3  in  de  Figueiredo-Lions-Hussbaum 
[10].  Although  Theorem  2  above  applies  to  more  general  second  order  elliptic  operators  and 
nonlinearities  9  depending  on  x,  its  technical  condition  (6)  seems  more  restrictive 
than  the  requirements  made  in  Theorem  2.3. 

The  paper  is  divided  in  three  parts.  In  the  first  section  we  prove  that  there  exists 
a  tj  e  R  such  that  for  all  t  <  tj,  problem  (1fc)  has  a  minimal  negative  solution 
ufc  e  C2'“(fl)  such  that  the  eigenvalue  problem 

-Av  -  g^(x,ut>v  “  (iv  in  ft,  v  «*  0  on  9$)  , 

hae  a  positive  first  eigenvalue  u^.  In  the  second  part  we  take  an  appropriate  truncation 
of  the  nonlinearity  g  and  construct  a  functional  whose  critical  points  are  precisely  the 


weak  solutions  of  (1t>.  Xt  is  then  ihown  that  the  itnlMl  eolution  ofc  found  in  the 
pmioM  Mctisn  in  a  local  aiMwa  of  thia  functional.  neder  oar  see— pt I ooa  tho 
f emotional  la  shown  to  satisfy  tha  Palais-Swale  eondition.  the  mountain  paaa  thaoram  of 
(•)  ia  applied  to  (at  a  sacond  aolution  of  C1fc»  in  B*.  Xta  regularity  in  tha  caae 
•  <  ■  ♦  2/B  -2  ia  aaan  by  tha  atandard  «ay  using  a  bootstrap  argument.  The  eaaa 
9  »  (B  *  3)/m  -  2)  ragulree  a  groat  daal  more  of  work .  Me  prove  it  in  Section  3  ualng 
an  argument  due  to  Brfsls-Kato  [It]. 

Iha  novelty  of  tha  present  work  is  tha  treatment  of  super linear  nonlinaaritiea  g 
with  growth  at  infinite  "touching"  tha  critical  exponent  (M  ♦  2)/(B  -  2),  In  tha  sense  of 
condition  (S). 

the  author  thanks  Professor  Antonio  Anbroeetti  for  his  hospitality  at  the  8cuola 
Internal ionale  Superiors  di  Studi  Avansati  (Trieste-Italia) ,  where  part  of  this  work  was 


t.  Biwwa  Of  A  MUXWU.  gginw  aotmim.  tine*  n«  of  the  asMrtions  made  tn  tho 
present  Motion  are  trua  under  weaker  uiapttona  than  tha  onaa  placed  in  Theorem  1,  we 
shall  stats  thaa  aaparataly.  Also  this  will  asks  claar  tha  rola  of  (4a)  which  wa  balisva 
it  could  ba  raplacad  by  (3a),  as  wall  as  tha  rola  of  (6)  which  eventually  could  ba  aither 
waakanad  or  dropped  altogether. 

Loaaa  3.  Asauaa  (3a)  and  (3b).  Than  there  exists  a  mgbor  t,  independent  of  h  e  H2', 

such  that  (1.)  has  no  solution  for  t  >  t. 

Proof.  It  follows  from  (3a)  and  (3b)  that  there  are  numbers  C  >  0  and  {■  <  1^  <  u  such 

that 

(7)  g(x,s)  >  (is  “  C  and  g(x,s)  >  MS  -  C 

for  all  x  e  5  and  all  s  6  R.  Take  the  inner  product  of  (1t)  with  4,  integrate  by 

parts,  and  estimate  /  g(x,u)+  using  (7).  This  will  give  an  upper  bound  on  the  values 

r 

of  t  for  which  (1.)  has  a  solution.  D 

In  this  section  we  use  the  method  of  monotone  iteration  to  get  a  minimal  solution  of 
(1fc).  We  say  that  u  e  C2*°(Q)  is  a  subsolution  of  (1fc)  if 

(8)  -Au  <  g(x,u)  *  t4  +  h  in  0,  u  «  0  on  30  . 

A  supersolution  is  defined  likewise  by  changing  in  (B)  the  inequalities  <  for  ».  It  is 
well  known,  see  for  Instance  (12),  (13),  that  if  (1^)  has  a  subsolution  u  and  a 
susper solution  u,  such  that  u  <  u,  than  (1fc)  has  a  solution  such  that  u  <  u^  <  u 

and  if  u  is  any  other  solution  with  u  <  u  «  u  then  ufc  <  u.  This  solution  is  obtained 
by  an  iterative  method. 

Lemma  4.  Assume  (3a)  and  (3b>.  Given  heii  and  a  compact  interval  (a,b),  there  is  a 
2  Ql 

function  w  e  C '  (0)  with  w  ■  0  on,  30  such  thati  (i)  w  is  a  subsolution  of  (lt> 
for  each  t  e  (a,b) ,  (il)  w  <  v  for  all  v  which  are  supersolutiona  of  Ot>  with 
t  e  (a,b) .  In  particular,  w  bounds  from  below  all  solutions  of  (1fc)  for  t  e  ta,b). 


-5- 


Proof .  The  art i qua  solution  w  of  tho  linear  problem 

-Aw  “Mw-C  +  a^  +  h  in  fi,  u  “  0  on  ID 

whara  w  and  C  wara  introducad  in  (7) ,  satisflaa  all  the  requirements  of  the  lemma.  O 

La— n  5 .  Assume  (3a)  and  (3b).  Glean  h  e  ^ ,  there  la  a  C  t  and  a  function  w  _in 
C  '  (0)  which  is  <0  in  0,  "0  In  90  and  which  la  a  supersolution  for  all  problaata 

<V  »lth  *  *  V 

Proof.  Let  e  >  0  and  p  >  N  be  given.  As  a  consequence  of  the  Sobolev  imbedding 
W2,P(fl)  C  c1,a(5)  and  the  strong  maximum  principle,  we  see  that  there  are  numbers 
a.K  >  0  such  that 

2.o 

(9)  -K  <  v  -  <»♦  <  0  in  0  for  v  e  W  *(R)  with  v  “  0  on  30,  and  I  vl  <  e 

W2.P 

By  the  Lp-regularlty  theory,  the  operator  -A  with  Dirichlet  boundary  condition  has  a 

bounded  inverse  from  iP  to  W2,p,  i.e.,  there  is  a  constant  C  >  0  ouch  that 

(10)  Ivl  ,  <  del  for  -Av  »  5  in  R,  v  “  0  on  3R 

w2,P  LP 

Let 

(11)  m  “  max{)g(x,s)  +  h(x)|  :  x  6  R,  -K  <  s  «  e} 

and  take  subdomains  fl ^  and  R^  of  R  such  that  R^  C  C  fl^  C  fl^  C  q  and  the  Lebesgue 

P 

measure  of  R\R^  is  smaller  than  [e/Cm]  ,  where  C  and  m  have  been  introduced  in  (10) 
and  (11)  respectively.  Next  define  a  C  function  C  which  is  0  in  fl^,  »m  in  0\Q^ 

and  assumes  values  between  0  and  m  in  R^fl^.  v  ***  the  unique  solution  of  the 

Dirichlet  problem  -Av  ■  C  in  R,  v  “  0  on  3R.  Using  (10)  and  the  choice  of  we 

have 

(12)  Ivl  .  <  CICI  <  Cm|fl\0,|1/p  <  e 

W2,p  Lp  1 

We  claim  that  W  “  v  -  04  is  a  supersolution  of  ( 1fc )  provided  we  choose  t  sufficiently 
large  negatively  Indeed,  if  x  e  R\R2 


-Aw  ■  c  -  aX^  -  ■  -  aXtA  >  g(x,v  -  a+>  ♦  h(x)  -  aXt4 
whsre  the  inequality  follows  f row  (9),  (11)  and  (12).  If  x  e  (2^,  use  the  fact  that 
A(x)  Is  bounded  away  frow  0  by  a  positive  constant  for  x  e  Qj  and  obtain  t  such 
that  C(x)  >  g(x,v  -  oA)  ♦  h(x)  +  tA«  'Oien,  for  x  e  Qj 

-AW  «  C  -  aXjA  >  g(x,v  -  a+)  +  htx)  ♦  (t  -  aX  1  )A  . 
thus  the  lewwa  is  proved  with  tf  -  mintt  -  aX^,  -  aX^]. 

Remark .  Kasdan-Warner  [5]  under  the  assumptions  of  Leans  5  have  proved  by  a  similar 
argument  the  existence  of  a  supersolution  which  happens  to  be  not  negative  in  SI.  It  iB 
apparent  that  problem  ( 1fc)  could  have  a  supersolution  for  t  >  t 1 ,  although  it  is  not 
necessarily  negative. 

Using  the  method  of  monotone  iteration  it  follows 
Corollary  6.  Assume  (3a)  and  (3b).  Given  h  e  W^,  there  is  a  t^  e  R  such  that  problem 
(1t>  has  a  negative  solution  ufc  €  C2,a  for  each  t  <  t1 .  Moreover  ufc  is  minimal.  1 .e. , 
given  any  solution  u  o f_  (1^)  we  have  ufc  <  u. 

Remark .  Existence  of  a  negative  solution  in  the  Ambrosetti-Prodi  is  implicit  in  the  work 
of  Laser-McKenna  [14).  It  was  essentially  noted  in  [9],  but  to  our  knowledge  was  first 
explicitly  proved  by  Solimini  [IS].  That  author  [15]  and  Ambrosetti  [16]  have  made  a 
relevant  use  of  this  fact  to  prove  multiplicity  results  (existence  of  3  solutions)  in 
certain  Awbrosetti-Prodl  problems.  We  remark  that  all  these  authors  work  with 
nonlinearltiea  g  having  linear  growth,  essentially 

g(x,u)  »  u+u+  -  p  u  +  k(x,u) 

where  li*  ”  lim  g*  (u)  and  k(x,u)  is  bounded.  Their  interesting  proof  of  the  existence 
P*t« 

of  a  negative  solution  apparently  does  not  extend  to  our  general  case. 

Iiswma  7.  Assume  (3a)  and  (3b).  Let  ufc  be  the  minimal  solution  of  (1t).  Then  the  first 


eigenvalue  p,  of  the  eigenvalue  problem 


-At  -  *  MV  In  0,  T  -  0  on  IQ 


ll  >  0. 


Proof.  Ha  follow  Dancer  [6]  in  thia  argument.  Suppose  by  contradiction  that  U,  *  0  and 
lat  t  >  0  be  the  corresponding  eigenfunction  normalised  by  /  t*  •  1.  look  at  u^  ♦  #v 


and  write 


-A(ufc  +  4v)  “  g(x,ut>  +  t$  +  h  +  4(g^(x,ut)v  *  !».,»] 


and  using  the  expression 


g(x,  u  +  «v)  -  g(x,u  >  -  /  g'(x,u  ♦  r«v)«vdr 

t  t  0  B  t 


we  obtain 


I 

-A(u  +  «v)  -  g( x(u  ♦  4w)  ♦  t#  ♦  h  ♦  Sv[J  tg'(x,ut)  -  +  *'®v,lar  +  kg) 

t  t  0 

By  tha  continuity  of  gj  the  expression  inside  the  brackets  is  <0  for  |6|  Mall.  So 
if  we  take  6  <  0  and  small  we  get 

-A(ut  +  6v)  >  9<x,ut  *  4v)  ♦  tp  ♦  h 

which  says  that  ut  ♦  5v  is  a  supersolution  of  C  1t )  -  By  lemma  4  and  using  the  monotone 
iteration  method  wo  would  obtain  a  aolution  u  of  <»t>  with  u  <  ufc  ♦  «v  *  ufc  in  0, 
contradicting  Corollary  6.  □ 

For  future  purposes  we  need  >  0.  He  can  prore  that  this  is  so  under  a  slightly 


stronger  assumption  than  tha  one  in  teems  7. 

t— .  n  assume  (4a)  and  Ob).  Given  he!1,  there  la  a  t2  e  R  such  that  the  first 

>lgtnvilu>  Pj  of  problm  (13)  for  t  (  1>  potltlvt* 

Proofs  Lot  uo  HIVM  by  contradiction  that  thara  ora  tft  ♦  such  that  tha  first 

2 

aiganvaluo  of  (13)  with  t  «  tft  is  0.  So  there  is  vfc  >0  in  Q,  /  vfc  -  1  such  that 


r  -  »y,«r 


Then 


~L\  "  )vt 

n  n  n 


To  eiaplify  notation  lat  ua  da r>ot«  v  «  v  ,  u  “  u.  . 

n  b  n  v 
n  n 


/  IVvJ2  "  <  C  /  v2  -  C 


where  C  “  sup{gMx,a);  x  e  Q,  a  <  0}  which  axlata  in  view  of  aeauaption  (4a).  So  we  nay 

asaume  that  v  -*  v  in  m',  v  ♦  v  in  L2  and  a. a.,  and  that  v  (x)  <  h(x)  for 
n  u  o  n  vi  •* 

2 

a owe  h  (  l  .  Clearly  Iv^l  2  »  1.  Then 

la 


(14) 


/  Aw  -  J  g*  (x,u  )v  ♦  -  /  „  +  / 

'  n  '  a  nn  'u  <a.  u 


n'"0  ”n>B0 


where  8g  <  0  and  U  <  X  ^  (uaed  next)  are  such  that 


Froa  (14)  we  obtain 
(15) 


g^(x,e)  <  £  for  x  e  Q,  a  « 


X1  /  V  «  *1  V  *  /  9;<Jt'UnWn*X[u  >..] 

n  u 


Now  we  remark  that  a  aiaple  modification  of  Lemma  5  yielda  the  following  atronger 

concluaion:  given  any  B  <  0  there  ia  a  such  that  problem  (1t)  for  t  <  t^  has  a 

super solution  W  <  64*  Thla  lnpllea  that  X[u  )f  j  tenda  to  0  a.e. .  By  Fatou'a  lemma 

n  0 

we  obtain  froai  (15) 

X,  /  V  <  K  /  V 

which  ia  iapoaeible.  D 

Remark.  It  follows  froa  Lemma  8  that 

/  (7v(2  -  /  g'<x,«t)v2  »  W,  /  v2  ,  M,  >  0 
On  the  other  hand  we  know  that  there  are  conatanta  e,cQ  >  0  such  that 

/  IVvl  2  -  /  gMx.v>t)v2  >  c  /  |Vv| 2  -  c0  /  v2 
which  ia  Garding'a  inequality.  Being  the  prewioua  inequality  we  can  eaaily  see  that 


0 


2.  EXISTENCE  or  THE  8BCOWD  SOLUTION.  New  fix  t  <  tj  and  1st  W  be  the  subsolution 
associated  with  problem  (1fc),  by  Lemma  4.  He  now  modify  our  function  g  as  follows.  Let 
g(x,s)  be  the  new  function  such  that! 


(i) 

g(x,s)  “  g(x,s) 

for  x  e  fl, 

s  >  w(x). 

(ii) 

g(x,s)  >  jis  -  C 

and  g(x,s) 

>  us  -  C  for  x  e  0 

and  s  6  M, 

where  C, 

u 

and  u 

are  the  constants  in  (7). 

(iii) 

g(x,s)  >  0  for 

x  e  I)  and  all  s  smaller  than  a 

certain  constant  Sj. 

(lv) 

g(x,s)  has  linear  growth  at 

*•#  i.e.,  g(x,s) 

is  like  cs. 

c  <  0,  at  -•. 

(v) 

g(x,s>  is  a  C1 

function. 

In 

view  of 

(ii)  we  see  that 

all  eventual 

solutions  of  the  modified  problem 

( 1  )  with  g 

replaced  by  9  are  bounded  from  below  by  w(x),  see  Lemma  4.  So  the  solution  of  the 
modified  problem  are  the  same  as  the  ones  of  the  original  problem.  Thus  from  now  on  we 
assume  that  g  has  properties  (l)-(v)  above.  Let  us  now  look  for  solutions  of  (1t)  as 
critical  points  of  the  functional 

J(u)  -  j  /  |7u|2  -  /  G(x,u)  -  /  fu 

defined  in  h’. 


Lemma  9.  The  functional  J  satisfies  the  Palals-Smale  condition. 


Proof.  Case  1.  N  >  3,  (N  ♦  1)/(N  -  1)  <  a  <  (N  +  2)/(N  -  2).  Let  (un>  be  a  sequence  in 

H*  such  that  |J(u  )l  <  C  and  J' (u  )  ♦  0.  We  claim  (u  )  contains  a  convergent 
u  n  n  n 

subsequence  in  H^.  From  J ' ( u^ )  ♦  0  we  have  for  all  v  e 


(16) 


|/  Vu  Vv  -  /  g(x,u  )v  -  /  f v |  «  e  Ivl  ,  ,  e  * 
'  n  n  1  n  1  n 


Imt  s2  <  s1  be  such  that  G(x,s)  <  0  for  s  <  s  ,  and  define 


n  ) 


-  s_  if  u  «  s, 
2  n  2 


(  0  if  un  >  s2 
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Taking  »  *  »#  in  (16) j 

(17)  /  |7wn|2  -  /  9<x.un)«n  <  J  f-n  +  *b«Vh1 

and  since  g(x,s)  >  0  for  s  <  s.  we  obtain  that  Iw  I  ,  <  C.  It  then  follows  frost  (17) 

2  n  H 1 

that 

(18)  -  j  g(x,u  )u  <  C  +  Clu  I  , 

n  n  n  » 

U  <8-  H 

n  2 

where  we  have  used  the  fact  that  g  has  linear  growth  at  Next  from  |J(un)l  <  C  it 

follows 

/  |Vu  I2  <  C  t  2  j  G(x,u  )+  2  j  fu  <  C  *  2  j  G!x,u  )  +  Cl u  I  , 

‘  n  *  n  ■'n  ‘  _  n  n  1 

U  >8,  H 

n  3 

where  Sj  >  0  is  chosen  from  (6)  in  such  a  way  that 

sg(x,s)  -  6g(x,s)  >  -cs2g(x,  s) 2/,N+1 ,  x  e  5,  s  >  s3 
for  some  given  e  >  0.  Then 

(19)  /  | Vu  | 2  <  C  +  Clu  ■  ♦  r  /  u  g(x,u  )  ♦  ~  j  u2g(x,u  )2/(N+1) 

n  n  .  1  0  n  no'  n  n 

H  u  >s,  u  >s, 

n  3  n  3 


Using  (18)  the  first  integral  in  the  right  side  of  (19)  can  be  taken  all  over  !),  which  is 
then  estimated  using  (16)  with  v  »  un: 

J  |Vu  |2  <  C  +  Clu  I  ♦  f  J  IVu  | 2  +  ~  /  u2g(x,u  )2/(N+1> 
n  n  tt  1  v  n  o  .  n  n 

H  U  >3, 

n  3 


or 

(20) 

Now  we  claim  that 
(21) 


/  |Vu  |2  <  C  +  C£  /  u2g(  x,u  >2/tN+1> 


U  >8, 

n  3 


n  n 


/  g(x,u  )♦  <  C 

u  >s, 
n  3 


Indeed,  it  follows  from  (16)  with  v  «  6  that 

“en*^*  1  *  Xi  /  "  /  9< *.«„>♦  "  /  *♦  *  <*.,  "  u)  /  uRt 


+  c 
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which  implies  Chat  /  u  ♦  and  /  g(x,u  )♦  a ta  boundad  abova •  This  gives  (21)  in  viaw  of 
n  n 

hypothasla  (iii)  on  g.  Tha  integral  in  (20)  ia  estimated  using  Holder's  inequality  by 

^2/{N+1  )f(  2/(M— 1 )  _2  (M+1 )/ (N— 1 )  j  ( 


(I  '  g(x  u  ^-2/(M-1>u2(IM-1)/(N-1)^(W-1>/(W+1) 

u  >a,  "  u  >a,  " 

n  3  n  3 


which  ia  Chan  boundad  by  c,7uni  2  u,in9  tha  Hardy-Sobolev  inaquality  (7).  This  shows 

L  1 

Chat  IVu  I  _  ia  uniformly  boundad.  So  we  nay  assume  that  u_  -“•  u  in  H.  and  u  *  u 
n  ^2  *■  on 

in  L2.  Mow  wa  claim  Chat  u  ♦  u  in  h'.  In  the  casa  a  <  (N  +  2)/(H  -  2)  this  follows 

n  o 

readily  from  the  fact  that  J*  is  an  operator  of  the  form  identity  minus  a  compact 

operator.  Although  this  ia  not  true  in  the  ease  a  ■  (M  +  2)/(N  -  2)  we  can  still  prove 

that  u  ♦  u  as  follows.  Let  e  >  0  be  given.  Then  there  is  an  s.  such  that 
n  ' 


g(x,s)  <  es  for  s  >  s^.  Now  using  (16)  with  v  •  u„  ~  u  we  have,  with 

c,  , 

/  |V(u  -  u)|2  <  -  /  Vu«V(u  -  u)  +  /  f(u  -  u)  ♦  2C.e  +  f  g(x,u  )(u  -  u)  . 

n  n  n  in  n  n 


The  first  three  terms  in  the  above  estimate  go  to  saro  as  n  ♦  “.  We  estimate  the  last 
term  by 

Clu  -  u *  ,  ♦  «  /  u°fu  ” 

L  V*« 

Taking  this  last  integral  over  the  whole  of  Q  with  |unl  replacing  uR,  and  using 
Holder's  inequality  we  have  finally 

/  |V(u  -  u)|2  «  -  /  7u*7(u  -  u)  *  Clu  -  ul  ,  ♦  2c,e  +■  C_e 
n  n  n  «  in* 

la 

where  C2  is  a  constant  independent  of  e •  This  proves  the  claim. 

Case  2.  N  »  3,  o  <  (N  +  1)/(N  -  1).  This  case  is  much  simpler.  Taking  (16)  with 
v  •  Ujj  and  using  property  (iii)  of  g  we  obtain 

(22)  /  |7u  |2  <  C  +  Clu  I  ,  ♦  /  g(x,u  )u 

n  "  H1  u  >S.  "  " 

n  4 

The  integral  on  the  right  side  is  then  estimated  using  Hardy-Sobolev' s  inequality  as  above, 

2 

leading  to  a  uniform  bound  for  the  L  -norm  of  the  gradient  of  u,,.  The  convergence  of  a 
subsequence  follows  as  in  Case  1. 
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C«m  3 .  H  ■  2.  We  procMd  as  in  Case  2.  □ 
Proof  of  Theorem  1  co»ltt«d.  In  order  to  apply  tha  mountain  paaa  theorem  it  raaaina  to 
check  that 


(i)  thara  la  »  e  h|  auch  that  J(v)  <  J(ufc) , 

(ii)  thara  ia  an  r  >  0  auch  that  inf{J(u)  t  lu  -  u^l 
To  aa«  (i)  we  take  v  «  r+: 


r)  >  J(ut> 


J («♦)  -  j  X  ,»2  -  /  G(k,r4)  -  R  /  f« 


1-2 

Fro»  (7),  G( x, ■ )  >  —  us  -  C  and  %*•  obtain 

J(R*)  <  \  (X,  -  U»p2  -  CR  -  C 
which  gives  the  claim  by  taking  R  sufficiently  large. 

As  for  (ii)  we  proceed  as  follows.  Being  tha  fact  that  ut  ia  a  critical  point  of 
J  we  have : 

( 23 )  J(ut  ♦  v)  -  J(ufc)  -  /  |Vv|2  -  J  {G(*,ut  ♦  v)  -  G(*,ut)  -  gjx.u^jv] 


By  Taylor's  formula,  the  expression  into  the  brackets  is  j  gMx,ut>v2  *  r(x,v)  where 
2 

I r( x,v) I  <  c(x,v) I v I  if  | v |  <  1  and  t(x,v)  ♦  0  as  v  ♦  0.  on  the  other  hand 
0+  1 

I r( x, v) |  <  c|v|  for  |v|  >  1.  Altogether 

I r( x, v) |  <  t |v|  2  ♦  c|v|tf^’ 

which  gives 

/  |r(x,v)|dx  <  elvl2  ♦  elvl0*1  <  elvl2  +  elvl0*1 

.  2 


Estimating  (23)  we  obtain 


J(ut  tv)  -  j(Ufc)  >  j  J  |7v|  2  -  j  J  gMx,ut)v2  -  eli 


cl  vl 


a*  1 
1 


H 


which  in  view  of  Lemma  S  (and  the  Remark  right  after  it)  ia  bounded  below  by 
2  otl 

cl vl  -  cl vl  .  .  So  if  Ivl  »  r  and  r  is  small  the  quadratic  term  dominates  and  we 
H  H  H 

have  claim  (ii).  The  final  step  is  the  regularity  of  this  solution  obtained  by  the 
mountain  pass  theorem.  In  the  case  0  <  (N  t  2)/(N  -  2)  this  follows  readily  via  a 
standard  bootstrap  argvawnt.  In  the  case  o  »  <N  t  2)/(M  -  2),  this  follows  from  Theorem 
10  proved  in  tha  next  section.  □ 
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3.  A  MBBUMW  R1SULT.  In  the  present  Met  ion  we  establish  *  regularity  raault  for 
solution*  of  saa^  linear  elliptic  equation*  of  second  order.  The  growth  of  the 
nonlinearity  g(x,u)  as  u  ♦  «  prevent*  a  direct  use  of  bootstrap  arguments,  the  sain 
ideas  of  the  proof  below  are  borrowed  fro*  Brisia-Kato  [11]  where  they  treat  the  linear 
SchrBdinger  equation. 


Remark .  Once  we  know  u  e  LP  for  some  p  >  2N/(N  -  2)  then  a  bootstrap  argument  shows 

1  sQI  1 

that  u  «  C  .  If  more  regularity  of  g  is  required  (for  example  C  in  the  situation 

2  cs 

of  the  previous  section)  then  u  e  C  '  . 


m 

Proof.  Let  X  *  Cg(R)  with  coaguict  support  containing  a  neighborhood  of  zero.  Then  g 
decomposes  as  g  -  g1  +  g2  where  g^x.s)  »  x<s>9<*»a>  and  g2<x,s)  -  (1  -  x(s))g(x,s). 
Consequently  g(x,u(x>)  where  u  6  is  the  given  solution  of  (24)  can  be  written  as 

g(x,u(x>)  -  alx)u(x)  +  b(x) 

where  a(x)  *  LN^2  and  b(x)  e  i,2H/*s”2) .  Now  we  use  the  following  lemma  from  Brtzia- 
Kato  [11,  p.  139]:  "Given  a(x)  e  1 .N/^2  and  e  >  0  there  is  a  constant  k£  >  0  such  that 

(25)  /  |a(x)|u2  <  «  J  |Vu]2  ♦  ke  /  u2  ,  V  u  e  h’  ." 

Let  kj  be  the  constant  in  (25)  corresponding  to  e  »  1.  It  is  easy  to  see  that,  for 
k  >  kj,  the  probleai 

-dv  ♦  kv  “  a(x)v  in  0,  v  “  0  on  30 
has  only  the  trivial  solution  v  ■  0.  Bo  the  problem 

(26)  -dv  t  kv  *  a(x)v  *  b(x)  +  ku(x)  in  0,  v  »  0  on  30 
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hu  •  unload  solution  *,  which  happens  to  bs  v  •  u.  Ws  now  aim  st  proving  that  tha 
unique  solution  *  t  of  tha  problem 

-Av  ♦  kx  “  a(x)v  ♦  d(x)  in  a,  v  «  0  on  2a 
whara  d(x)  is  an  *)  function,  is  in  soata  iP  with  p  >  2N/(N  -  2).  ror  that 

■attar  we  truncate  a(x)  as  follows 


.  (x) 


-t  ,  if  a(x)  <  -i 

a(x)  ,  if  |a(x>|  <  t 

t  .  if  a(x)  >  t 


Ms  observe  that  (2S)  holds  with  a  replaced  by  a^  and  k^  is  independent  of 
t,  t  *  *“•  The  problem 

(27)  -Av  ♦  kv  •  a((x)v  ♦  d(x)  in  a,  v  »  0  on  28 

has  also  a  unique  solution  v^  e  hJ.  It  follows  from  (25)  that  Iv^l  1  <  C  for  all  t. 

t  H 

He  claim  that  v^  ♦  v  in  Hq ,  as  l  *  +•.  Prom  (26)  and  (27)  we  obtain 


I  |V(vt  -  v)|2  ♦  k  /  (vt  -  v)2  <  /  a^fVj  -  v)2  ♦  elat  -  at  N/2,wt  “  1,1 


2N/IN-2) 


and  the  result  follows  applying  (25)  with  £  >  0  sufficiently  small,  using  Sobolev 
embedding  and  the  fact  that  v^  *  v  in  L2.  Next  we  claim  that  the  solution  of  (27) 

is  in  soeie  Lp  with  p  >  2N/(N  -  2)  and  that 


(28) 


IVjl  <  constant  independent  of  t 


He  now  truncate  v. 


v,  (x) 
t,n 


-n  , 

vt(x)  <  -n 

Vj(x)  ,  if 

| v^t  x» |  <  n 

n  ,  if 

Vj(x)  >  n 

obtaining  functions  in  H #|U  .  To  simplify  our  notation  let  us  call  w  »  and 

w  ■  v  .  The  function  w  | w  |^“ 1 ,  for  any  q  >  1,  is  in  and 

n  *n  n  n  o 

?<w_ |W  I*’"1)  -  q|w  |q_1Vw  . 

n  n  n  n 


Multiplying  equation  (27)  by  HnlHnlq*1  and  Integrating  by  parts  we  obtain 
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(29) 


T  ^ 


<q  ♦  tV 


/  l»C..|..l  1  .I1  *  »  /  *  I 


Hi*  second  Integral  In  the  left  side  of  (29)  Is  positive  end  will  give  os  no  probleas ■  The 
second  Integral  In  the  right  side  of  (29)  is  estimated  by 

(/  |dlq+1)1/lq+1,(/  |w 
(N^2 ) /(N*2 ) 

which  la  bounded  by  Idl  2n/(W-2)#* V£*  2n/(H-2)  9  taking  (and  we  shall  assu»s  tram  now 

L  I* 

on)  q  +  1  ■  2H/(W  -2),  and  consequently  bounded  independent  of  I.  Me  now  estimate  the 
first  Integral  in  the  right  side  of  (29)  by 

(30)  /  ♦  /  <t  /  Iwl**1  ♦  /  la  ||w  I9*1 

|w|>n  |w|<n  |w|>n 


The  second  integral  in  the  right  side  of  (30)  is  estimated  using  (25)  by 

3=2 

c  /  |V(wn|wBl  2  >|2  ♦  k t  I  Iwj’**1 
All  this  information  used  in  (29)  leads  to 


gd 

/  |V (w  |w  |  2  )|2  <  C  ♦  l  /  |w|q+1 

"  IwOn 


where  C  is  independent  of  1  and  n.  Making  n  ♦  w»,  and  using  Sobolev  embedding  we 

have  „ 

(31)  lim  sup  /  |w  |  <  C  . 

_  n 


Since  w  ♦  w  in  2>#  it  follows  from  (31),  using  reflexivity  of  iP  spaces 

n 

that  w  e  go  (28)  i,  proved  with  p  ■  (q  ♦  1)M/(II  -  2)  and 

q  ♦  1  ”  2H/(M  -  2),  Finally  to  prove  that  v  8  iP  we  use  the  same  argument  as  above, 
2M/(N“2 ) 

since  Vj  ♦  v  in  L  and  the  p-norms  of  are  uniformly  bounded.  □ 
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infinite.  Suppose  that  g  behaves  at  +•  like  u^,  1  <  p  <  CM  ♦  2)/(H  -  2) 

or  even  like  u>  where  W  >  3.  Let  Q  be  a  bounded  smooth 
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domain  in  R  and  let  ♦  be  the  first  eigenfunction  corresponding  to  X^, 

which  is  >0  in  ft.  Then  given  any  h«C  (ft)  such  that  }  h#  ■  0,  there 
is  tQ  6  R  such  that  the  Oirichlet  problem 

-Au  ■  g(u)  +  t$  ♦  h,  in  ft,  u  •  0  on  9Q 
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has  at  least  two  C  solutions  for  each  t  <  t^.  The  author  uses  the 
method  of  monotone  iterations  to  obtain  the  first  solution  and  a  variational 
argument  to  get  the  second.  The  variational  solution  is  subsequently 
regularised. 


